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Switching p53 states by calcium: dynamics and
interaction of stress systems

Md. Jahoor Alam,a Gurumayum Reenaroy Devi,a Ravins,a Romana Ishrat,a

Subhash M. Agarwalb and R. K. Brojen Singh*a

The integration of calcium and a p53–Mdm2 oscillator model is studied using a deterministic as well as
a stochastic approach, to investigate the impact of a calcium wave on single cell dynamics and on the
inter-oscillator interaction. The high dose of calcium in the system activates the nitric oxide synthase,
synthesizing nitric oxide which then downregulates Mdm2 and influences drastically the p53–Mdm2
network regulation, lifting the system from a normal to a stressed state. The increase in calcium level
switches the system to different states, as identified by the different behaviours of the p53 temporal
dynamics, i.e. oscillation death to sustain the oscillation state via a mixed state of dampened and
oscillation death states. Further increase of the calcium dose in the system switches the system from
sustained to oscillation death state again, while an excess of calcium shifts the cell to an apoptotic
state. Another important property of the calcium ion is its ability to behave as a synchronizing agent
among the interacting systems. The time evolution of the p53 dynamics of the two diffusively coupled
systems at stress condition via Ca2+ shows synchronization between the two systems. The noise
contained in the system interestingly helps the system to maintain its stabilized state (normal
condition). However, noise has the tendency to destruct the synchronization effect, which means that it
tries to restrict the system from external signals to maintain its normal condition. However, at the stress
condition, the synchronization rate is found to be faster.

Introduction

Cell stress is broadly defined to include cellular responses to
heat shock, oxidative stress, heavy metals and toxic chemicals.1

Cellular stress can lead to the activation of survival pathways or
the initiation of cell death. It is also the precursor of many
cellular pathways.2 Cellular stress can be protective or destruc-
tive, depending upon the nature and duration of the stress
applied, as well as the cell type.3,4 Cellular death pathways, such
as apoptosis, necrosis, pyroptosis, or autophagic cell death, are
dependent on various external factors, which shift the normal
state to cellular stress.4 Ca2+ is an important signaling agent that
plays a role in the transition between cell survival and cell
death.1,2 Ionic calcium induces the synthesis of various vaso-
active substances in the endothelium, including nitric oxide,
prostacyclin and other prostanoids.3 It then induces nitric oxide
synthases in the cell cytosol, which leads to the production of

activated nitric oxide synthases (NOS).5–7 Activated nitric oxide
synthases interact with the arginine present in the cytosol.8 This
interaction allows the production of nitric oxide and citrulline as
a by-product.9 Nitric oxide (NO) is an important messenger
molecule that is involved in regulating many cellular functions,
including tumour development, metastasis and apoptosis.10–12

It is an extremely short lived bioactive molecule. Nitric oxide is
also an inducer of stress signaling in cells due to its ability to
damage proteins and DNA.13–16 Nitric oxide triggers the apoptosis
process, which is associated with p53 gene activation.17,18 Nitric
oxide activates p53 by down regulating the Mdm2 protein.12

Recent metabolic experimental studies suggest that there are
three isoforms of nitric oxide synthases, namely, endothelial
(eNOS), neuronal (nNOS) and inducible (iNOS) forms.7,9 All three
types of nitric oxide synthases are activated through different extra
and intra stimuli. It has been also reported that NO produced by
nNOS and eNOS has a signalling role and are under the strict
control of intracellular calcium ions.4,19

p53 is one of the most frequently mutated genes in human
cancers and, as a result, is one of the most well studied genes
in the history of cancer research.20,21 p53 is involved in many
key regulations, such as the prevention of cancer formation,
including cell cycle arrest, DNA repair and apoptosis.22,23 p53 is
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a tumour suppressor protein that acts as a major hub for many
complex signaling pathways that have evolved to sense a broad
range of cellular stresses, including DNA damage, oncogene
activation, nucleotide depletion, nitric oxide and hypoxia.24 In
response to various types of stress, p53 becomes activated and
this is reflected in elevated protein levels as well as augmented
biochemical functions. In normal cells (i.e. under unstressed
conditions), p53 is a short-lived protein whose activity is main-
tained at a low level25 through its interaction with the Mdm2
protein, which targets p53 for proteasomal degradation. p53
acts as a transcription factor which transcriptionally activates
the Mdm2 gene to form Mdm2–mRNA, due to which production
of the Mdm2 protein increases in the cells.26–35 Mdm2 acts as a
negative feedback regulator for p53.19,36,37 After forming the
complex, Mdm2 ubiquitinates p53 due to which the level of p53
decreases,20,25,38–48 and this leads to the oscillatory behaviour
of p53 inside the cell.

However, even though several models have been developed so
far for capturing the oscillatory dynamics of the p53–Mdm2
network pathway, how ionic calcium activates the p53–Mdm2
network is not yet studied. The different roles of Ca2+ in providing
various state conditions and in correlating stress cells are still
open questions. The role of noise in cellular organization is also
important, and needs to be investigated systematically. In this
present work, we raise these questions in Ca2+ induced stress cells
via a p53–Mdm2 network and through the intercellular interaction
of such coupled systems via Ca2+. We aim to study an integrated
model consisting of two different oscillators, namely calcium and
p53–Mdm2 oscillators, and investigate the influence of ionic
calcium to identify the dynamical behaviour of the variables, both
in individual cells and a group of cells.

Materials and methods

The biochemical reaction network of the two-oscillator system
which consists of Ca2+ and p53–Mdm2 oscillators is presented.
The interaction between these two oscillators, via the small but
short lived molecule NO, and activated by the Ca2+ concentration
level in the system, is studied to understand the dynamics of
p53. Further, the synchronization among the diffusively coupled
identical two-oscillator systems (one dimensional array) via a
coupling agent Ca2+ is studied. We explain the methods
employed to study the system in the following sections.

Calcium oscillator model

The basic single cell model of the calcium oscillation proposed
by Houart et al.49 and Jahoor et al.50 involves the feedback
regulation of cytosolic and internally stored Ca2+ via the self-
regulator IP3 signal (Fig. 1). The biochemical reaction network
of the model comprises of three key regulators, namely, the free
cytosolic calcium (x7), the internally stored Ca2+ in the internal
pool (x8) and the IP3 molecule (x9), see Table 1 for reference.
Further, the net flux of calcium in and out of the cell (X6) is also
being considered to indicate the overall calcium level51 in
the cell: X* = X6 + X7. If we define a population state vector

-

Y0(t) = [X6,. . .,X9]T, at any instant of time t, then the time
evolution of the state vector is given by the following chemical
Langevin equation,52

d~YðtÞ
dt
¼ ~F x6; :::;x9ð Þ þ 1ffiffiffiffi

V
p ~FL x6; :::; x9; xið Þ (1)

where, ~YðtÞ ¼ 1

V
~Y 0ðxÞ ¼ x6; :::;x9½ &T is the concentration vector

with V as the system size. The second term is the noise term
derived from the stochastic description of the interacting mole-
cular system, by allowing two realistic approximations; firstly,
when Dt - 0, where Dt in [t,t + Dt] is the time the reaction was
started, the propensity function remains fixed, and secondly,
when Dt - N, this leads to a large propensity function, which
is true for a natural system. {xi} is the set of Wannier or random
parameters. The eqn (1) becomes deterministic at the thermo-
dynamic limit defined by V - N and N - N, but N/V - finite.
N is the number of molecules in the system, and is given by:

d~YðtÞ
dt
¼ ~F x6; :::; x9ð Þ. The functional vectors

-

F and
-

FL are given by,

~F x6; :::; x9ð Þ ¼

k9

V0 þ V1b' V2 þ V3 þ kf x8 ' kx7

V2 ' V3 ' kf x8

bV4 ' V5 ' k10x9

0

BBBBBB@

1

CCCCCCA

~FL x6; :::; x9; xið Þ

¼

ffiffiffiffiffi
k9
p

x1
ffiffiffiffiffiffi
V0

p
x2 þ

ffiffiffiffiffiffiffiffiffi
V1b
p

x3 '
ffiffiffiffiffiffi
V2

p
x4 þ

ffiffiffiffiffiffi
V3

p
x5 þ

ffiffiffiffiffiffiffiffiffiffi
kf x8

p
x6

"

'
ffiffiffiffiffiffiffiffi
kx7
p

x7
#

ffiffiffiffiffiffi
V2

p
x8 '

ffiffiffiffiffiffi
V3

p
x9 '

ffiffiffiffiffiffiffiffiffiffi
kf x8

p
x10

ffiffiffiffiffiffiffiffiffi
bV4

p
x11 '

ffiffiffiffiffiffi
V5

p
x12 '

ffiffiffiffiffiffiffiffiffiffiffi
k10x9
p

x13

0

BBBBBBBBBB@

1

CCCCCCCCCCA

where the values or expressions for V0, V1, V2, V3, V4 and V5 are
given in Table 2. V0 indicates the constant input of Ca2+, and V1

returns to a maximum rate of stimulus induced influx of Ca2+

from the extracellular medium. The parameter b is the degree of
stimulation of the cell, and V1 and V2 are the pumping and release
of Ca2+ from cytosol to the internal store and the internal store to
cytosol, respectively, in the Ca2+-induced Ca2+ release process with
the maximum rates VM2 and VM3. C2, Cx, Cy and Cz are the
threshold values of the release, pumping and activation of release
by Ca2+ and IP3 respectively. k16 is the passive, linear leak rate
constant; k10 is the rate of Ca2+ diffusing into extracellular
medium; V4 relates to the rate of stimulus-induced synthesis of
x9 and V5 is the phosphorylation rate of x9 by the 3-kinase.

The Hill equation of the forms V2, V3 and V5 is given
in Table 2 (expressions in the chemical reaction channel
numbers 12, 13 and 17), and is obtained from the feedback
type of pumping and release of Ca2+ from cytosol to the internal
store and then the internal store to cytosol in a co-operative
manner, and the rate of phosphorylation of IP3 at equilibrium.
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These are already assumed to be included in the corresponding
single reactions, respectively, via these equations.53 It is used to

estimate how many target molecules can bind to a receptor53 to
produce a significant functional effect.54 The Hill coefficient

Fig. 1 Schematic model of the reaction network.
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Table 1 List of molecular species

Sl. No. Molecular Species Description Notation

1 p53 Unbound p53 protein X1
2 Mdm2 Unbound Mdm2 protein X2
3 p53–Mdm2 p53–Mdm2 protein X3
4 Mdm2–mRNA Mdm2 messenger RNA X4
5 NO–Mdm2 Mdm2–NO complex X5
6 Cae

2+ Extracellular calcium X6
7 Cao

2+ Released calcium from internally stored calcium X7
8 Calcium-S Stored calcium in pool X8
9 IP3 Unbound p53 protein X9
10 NOS Nitric oxide synthase X10
11 NO Unbound nitric oxide X11
12 Ar Unbound arginine X12
13 NOS–act Activated nitric oxide synthase X13

Table 2 List of chemical reactions, their kinetic laws and their rate constant

Sl.
No. Reaction channel Description Kinetic laws Values of rate constant References

1 X4 !
k1 X4 þ X2

Mdm2 translation k1X4 4.95 ( 10'4 s'4 22,32

2 X1 !
k2 X1 þ X4

Synthesis of Mdm2–mRNA k2X1 1.0 ( 10'4 s'1 22,32

3 X4 !
k3 f Degradation of Mdm2–mRNA k3X4 1.0 ( 10'4 s'1 22,32

4 X2 !
k4 f Degradation of Mdm2 k4X2 4.33 ( 10'4 s'1 22,32

5 f !k5 X1
Synthesis of p53 k5 0.78 s'1 22,32

6 X3 !
k6 X2

Decay of p53 k6X3 8.25 ( 10'4 s'1 22,32

7 X1 þ X2 !
k7 X3

Synthesis of p53–Mdm2 complex k7X1X2 11.55 ( 10'4 mol'1 s'1 22,32

8 X3 !
k8 X1 þ X2

Degradation of p53–Mdm2
complex

k8X3 11.55 ( 10'6 s'1 22,32

9 f !k9 X6
Diffusion of Cae

2+ from extra-
cellular medium to the cell

k9 1 ( 10'2 mol'1 s'1 49

10 f !V0 X7
Constant input of Cao

2+ inside
the cell

V0 2.0 s'1 47,48

11 f !bV1 X7
Stimulus-induced influx of
calcium from extracellular
medium

bV1 b = 0.5, V1 = 2.0 47,48

12 X7 !
V2 X8

Pumping of Cao
2+ from cytosol

to the internal calcium pool V2 ¼ VM2
X2

7

C2
2 þ X2

7

VM2 = 6, C2 = 0.1 47,48

13 X8 !
V3 X7

Release of Cao
2+ from the

calcium pool to cytosol V3 ¼ VM3
Xm

7

Cm
x þ Xm

7

X2
8

C2
y þ X2

8

X4
9

C4
z þ X4

9

VM3 = 20, m = 2, Cx = 0.5,
Cy = 0.2, Cz = 0.2

47,48

14 X8 !
kf X7

Release of Cao
2+ from the

calcium pool to Cytosol
due to leakage

kf X8 0.01 47,48

15 X7 !
k f Decay of Cao

2+ kX7 1.0 47,48

16 f!bV4 X9
Stimulus-induced synthesis
of IP3

bV4 b = 0.5, V4 = 2.0 47,48

17 X9 !
V5 f Phosporylation of IP3 by 3-kinase

V5 ¼ VM5
Xp

9

Cp
s þ Xp

9

Xn
7

Cn
d þ Xn

7

VM5 = 5.0, p = 2.0, C5 = 1.0,
n = 4.0, Cd = 0.4

47,48

18 X9 !
k10 f Decay of IP3 k10X9 0.01 s'1 47,48

19 f !k11 X12
Synthesis of arginine k11 0.01 s'1 12

20 f !k12 X10
(NOS) k12 0.0001 s'1 12

21 X11 þ X2 !
k13 X5

Synthesis of Mdm2–NO complex k13X11X2 1.0 ( 10'3 s'1 12

22
X5 !

k013 X11
Degradation of Mdm2–NO
complex

k013X5 3.3 ( 10'4 s'1 12

23 X) þ X10 !
k14 X13

Formation of NOS–act k14X*X10 10.0 s'1 12

24 X12 þ X13 !
k15 X11 þ citruline Synthesis of nitric oxide and

citrulline as by-product
k15X12X13 10.0 s'1 12

25 X11 !
k16 f Decay of nitric oxide k16X11 0.001 s'1 12

26 X5 !
k17 f Decay of Mdm2–NO k17X5 0.001 s'1 12
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(n, m and p in the Hill equations are positive integers) is generally
defined as the interaction coefficient or index of co-operativity,
and can be used to accurately estimate the minimum number of
binding sites reflected from the co-operativity present.53–55 The
estimation leads to the values of the Hill coefficients in the model
studied to be m = 2, n = 4 and p = 2 respectively.

p53–Mdm2 Oscillator model

p53 is a highly integrated and hugely connected protein in a cell
that is constantly produced28 to take part in various biological
functions. The interaction of p53 and Mdm2 maintains a
minimum p53 level in normal cells. Even though these proteins
are available both in the cytoplasm and the nucleus, after
activation they localize in the nucleus where they activate target
genes.41,42 The model studied shows how p53 transcriptionally
activates Mdm2, however, Mdm2 negatively regulates p53,25,43–45,47

which in turn forms a Mdm2–mRNA.26,48 This Mdm2–mRNA leads
to the formation of the Mdm2 protein and is then exported to the
cytoplasm. The Mdm2 protein is then exported to the nucleus
from the cytoplasm and interacts with p53 to form a tight
p53–Mdm2 complex.29,30,40 This complex formation allows Mdm2
to inhibit p53 transcriptional activity and also stimulates the
degradation of p53.30–32,40 The half life periods of Mdm2 and p53
are around 30 minutes33,39 and 15–25 minutes,33 respectively, which
are very short. The half life period of Mdm2–mRNA is reported to be
60–120 minutes.27,35 As a result of the short life time of these
proteins and complexes, the rate of creation and decay is extremely
short. Thus, this process produces oscillation in p53 and Mdm2 in
the p53–Mdm2 network via a feedback loop. The reaction channels
with the transition rates and values of the rate constants of the
p53–Mdm2 network are given in Table 2. If the state of the system at

any instant of time t is given by ~ZðtÞ ¼ 1

V
X1; :::;X5½ &T¼ x1; :::; x5½ &T ,

then the time evolution of the network is given by,

d~ZðtÞ
dt
¼ ~G x1; :::;x5ð Þ þ 1ffiffiffiffi

V
p ~GL x1; :::; x5; xið Þ (2)

where, the functional vectors
-

G and
-

GL are given by,

~G x1; :::;x5ð Þ¼

k5'k7x1x2þk8x3

k1x4'k4x2þk6x3'k7x1x2þk8x3'k13x2x11

'k6x3þk7x1x2'k8x3

k2x1'k3x4

k13x2x11'k013x5

0

BBBBBBBBBB@

1

CCCCCCCCCCA

~GL x1; :::;x5; xið Þ¼

ffiffiffiffiffi
k5
p

x14'
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k7x1x2
p

x15þ
ffiffiffiffiffiffiffiffiffiffi
k8x3
p

x16
ffiffiffiffiffiffiffiffiffiffi
k1x4
p

x17'
ffiffiffiffiffiffiffiffiffiffi
k4x2
p

x18þ
" ffiffiffiffiffiffiffiffiffiffi

k6x3
p

x19

'
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k7x1x2
p

x20þ
ffiffiffiffiffiffiffiffiffiffi
k8x3
p

x21'
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k13x2x11
p

x22
#

'
ffiffiffiffiffiffiffiffiffiffi
k6x3
p

x23þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k7x1x2
p

x24'
ffiffiffiffiffiffiffiffiffiffi
k8x3
p

x25
ffiffiffiffiffiffiffiffiffiffi
k2x1
p

x26'
ffiffiffiffiffiffiffiffiffiffi
k3x4
p

x27
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k13x2x11
p

x28'
ffiffiffiffiffiffiffiffiffiffiffi
k013x5

p
x028

0

BBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCA

Nitric oxide is constantly produced in various cells due to
enzyme metabolism.14,15 Ionic calcium acts as a precursor to
those enzymes.4,19 The calcium level in a cell is considered
to be obtained from two sources, one from the internal Ca2+

pool (from the calcium oscillator given by (I) in Fig. 1), and the
other from the extracellular calcium influx by direct diffusion
from outside the cell. The overall calcium level interacts with
the nitric oxide synthase (x10) and the nitric oxide synthase gets
activated (x13). The activated nitric oxide synthase interacts
with arginine (x12) to produce nitric oxide and citrulline as a
by-product.5–9 The level of nitric oxide formed in the cell
depends on the level of calcium, and can interact with the
p53–Mdm2 oscillator via the Mdm2 protein, forming the
NO–Mdm2 complex (x5) (Fig. 1).12,56 Even if the half life period
of the nitric oxide is very short, only around 5–10 seconds,12,15

it can move a distance of a few hundreds of cells from the site of
its synthesis. Hence, the nitric oxide molecule is believed to
be one of the most important intracellular and intercellular
signaling molecules. In this model, the extracellular influx of
the nitric oxide molecule is not considered by assuming that
the amount of nitric oxide created in the cell via calcium is
much more, as compared to the extracellular influx nitric oxide.
Since nitric oxide downregulates Mdm2, it eventually affects the
dynamics of the p53 that leads to the fluctuation of the p53 level
and stabilization.12,40,56,57 The nitric oxide molecule is consid-
ered to be a unidirectional signaling molecule (from the
calcium oscillator to the p53–Mdm2 oscillator) to study the
impact of the calcium ion on p53 dynamics and regulation.

If we consider ~SðtÞ ¼ 1

V
X10; ::::X13½ &T¼ x10; :::; x13½ &T as the state

of the system that connects the two oscillators (calcium and
p53–Mdm2 oscillators) unidirectionally at any instant of time t,
the dynamics of the system is given by,

d~SðtÞ
dt
¼ ~H x10; :::; x13ð Þ þ 1ffiffiffiffi

V
p ~HL x10; :::; x13; xið Þ (3)

where, the functional vectors
-

H and
-

HL are given by,

~H x10; :::; x13ð Þ ¼

k12 ' k14x)x10

'k13x2x11 þ k013x5 þ k15x12x13 ' k16x11

k11 ' k15x12x13

k14x)x10 ' k15x12x13

0

BBBBBB@

1

CCCCCCA

~HL x10; :::; x13; xið Þ

¼

ffiffiffiffiffiffiffi
k12
p

'
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k14x)x10
p

x29

'
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k13x2x11
p

x30 þ
ffiffiffiffiffiffiffiffiffiffiffi
k013x5

p
x030 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k15x12x13
p

x31
"

'
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k16x11
p

x32
#

ffiffiffiffiffiffiffi
k11
p

'
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k15x12x13
p

x33
ffiffiffiffiffiffiffiffiffiffiffi
k14x)
p

x34 '
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k15x12x13
p

x35

0

BBBBBBBBBB@

1

CCCCCCCCCCA

The calcium and p53–Mdm2 oscillators defined by eqn (1) and (2)
are now unidirectionally (from the calcium to p53–Mdm2 oscillator)
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connected via a nitric oxide pathway given by eqn (3). The dynamics
of the two oscillators can be studied by solving the coupled
eqn (1)–(3), using the standard 4th order Runge–Kutta algorithm.58

Signal processing between the two systems can be studied by
investigating how the two systems communicate and become
synchronized.59–62 The synchronization between the two signals
defined by the ith variables, x[1]

i (t) and x[2]
i (t) in the two systems

can be detected quantitatively by measuring the distance func-

tion parameter, D
x
½1&
i ;x

½2&
i

ðtÞ ¼ jjx½1&i ðtÞ ' x
½2&
i ðtÞjj.

59,63,64 The two

systems are in (i) a synchronous state if D
x
½1&
i ;x

½2&
i

ðtÞ! 0, (ii) an

uncoupled state if D
x
½1&
i ;x

½2&
i

ðtÞ fluctuates randomly, and (iii) a

transition state if the rate of fluctuation about a constant value

is 0 D
x
½1&
i ;x

½2&
i

ðtÞ
$ %

fluctuation (in uncoupled case). Another way

of measuring the rate of the synchronization qualitatively is to
measure the rate of convergence of the points towards the
diagonal in a two dimensional recurrence plot of the corre-
sponding variables of the two systems.59 The two systems are
desynchronized if the points in the plot are scattered randomly
away from the diagonal, however, the two systems are strongly
synchronized if the points concentrate towards the diagonal.59

Results and discussion

The impact of calcium ions on the p53–Mdm2 network via nitric
oxide, in a single two-oscillator system, is first investigated
numerically by solving eqn (1)–(3). The simulation results both
for the deterministic and stochastic systems are presented and
compared. The role of noise in the system is discussed in the
context of the model we studied. The obtained results are com-
pared with various experimental results reported so far and are
found to be in agreement. Further, the synchronization via the
Ca2+ ion between the two diffusively coupled identical systems is
then studied to understand the signal processing between them.

Single cell results: impact of Ca2+ on p53

We first present the deterministic results of the single two-
oscillator system showing the impact of Ca2+ on p53 dynamics
in Fig. 2. The level of Ca2+ is determined by the combined effect
of Ca2+ from the calcium oscillator and extracellular Ca2+

influx.51 The rate constant kca is defined as the overall rate of
calcium production in the system, which is equivalent to the
combined rate of calcium transported from the internal pool to
the cytoplasm (k11, a constant) and rate of extracellular calcium
influx (k10, a variable). The low level of Ca2+ (kca = 0.00005) does
not affect the normal behaviour of p53 and Mdm2 dynamics too
much (Fig. 2), showing dampened oscillations for a few hours
(within the interval 0–20 h) and then exhibiting oscillation
death, indicating the steady states of p53 and Mdm2 dynamics.
As the value of kca increases (0.00005 o kca o 0.0005), the
activation time (Ts), (defined as the time during which p53 or
Mdm2 dynamics show dampened oscillations (regime of activation)
and above, where its dynamics go to oscillation death (regime
of stabilization)), starts increasing with the amplitude, showing an

increase in Ca2+ level, which then activates the p53 or Mdm2
dynamics (Fig. 2). With a further increase in kca (0.0005 r kca o
0.008), Ts -N switches to sustain the oscillation regime (regime
of complete activation) of these variables via the calcium ions.
This sustained oscillation persists even for large values of kca with
increasing amplitude as kca increases. However, a further
increase in kca again gives two regimes, an activated regime
(dampened oscillation) and a stabilized regime (oscillation death)
but at higher levels of the proteins (Fig. 2). If kca is increased
further, Ts becomes shorter, and at kca Z 0.03 stabilization of the
proteins dominates. This reveals the possible indication of
apoptosis because of the excess calcium level, which leads to
the synthesis of excess levels of NO.9,65–67 Depending upon the
value of kca we identify three distinct regimes; (a) the stabilization
regime (p53 or Mdm2 shows oscillation death behavior): for small
kca normal behavior is maintained, but for kca Z 0.03 cell goes to
apoptosis, (b) part activation and part stabilization (dampened
oscillation and oscillation death of the proteins): p53 and Mdm2
are initially activated first for some time and then stabilized, and
(c) complete activation (sustained oscillation): the proteins are
activated completely depending on a certain calcium level. This
claim is supported by two dimensional plots in Fig. 2, the lower
panels indicate the three regimes as oscillation death (stabili-
zation), sustained oscillation (activation) and dampened oscilla-
tion (part activation and part stabilization).

Further, the period of oscillation of Mdm2 in the sustained
oscillation regime, obtained by simulating the model we
studied after inducing stress via a calcium influx, is found to
be 4.5 * 0.58 h, which is in agreement approximately with the
reported experimental observation (time period of oscillation is
4–7 h with a mean of 5.5 h)36 with an error of agreement of
around 7–18%. The time period of oscillation of the p53
dynamics in this model is almost the same as Mdm2, and this
period remains almost the same in this sustained oscillation
regime (kca = [0.0005–0.008]). However, at small (kca o 0.0005)
and large (kca 4 0.008) values of kca corresponding to the
dampened oscillation regimes, the period of oscillation varies
(4.3–6.4 h), which is again closely in agreement with the
experimental results of Geva-Zatorsky et al.36

The role of noise on activation and stabilization of p53

To understand the role of internal noise associated with the
molecular events, which reflect as fluctuations in the dynamics of
each variable in the stochastic system, we solved the chemical
Langevin eqn (1)–(3) for a fixed value of kca, and varied the system
size (V) (Fig. 3). The p53 dynamics at a small V (V r 100) show
mixed behaviors, first activated (dampened oscillation) and then
stabilized (oscillation death). The activation time Ts is found to
increase as V increases. The p53 dynamics become completely
activated for V Z 1000. This shows that noise has a destructive
tendency towards the activation of the p53 dynamics at a low V.
The increase in V induces a decrease in the strength of the noise
in the dynamics of the p53 protein, and as a result p53 starts
recovering, and sustains oscillation behavior (Ts - N), which
corresponds to the activation state. Similar results are found in
the case of the Mdm2 protein also (Fig. 3 right upper panel).
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The above claim is supported by the two dimensional plots
of the various molecular species i.e. p53, Mdm2, Mdm2–mRNA
and p53–Mdm2 for the different values of V = 100, 500, 1000
and 5000, respectively (Fig. 3 lower panel). The plots clearly
show dampened oscillations (dampened activation) followed

by oscillation death (stabilization) for the lower values of V
(100). The sustained oscillation of the molecular species,
indicated by the broadened limit cycle (complete activation)
due to the noise associated with it, is observed for a large V
(Z1000).

Fig. 2 A plot for the single cell activity with the influence of the calcium ions in a deterministic environment.
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Stability analysis in single two-oscillator system

The activation time, Ts, is calculated for the p53 dynamics as a
function of the calcium level in a single two-oscillator system
that can be measured by kca (Fig. 4). The results are both for the

deterministic (Fig. 4 upper panel) and the stochastic (Fig. 4
lower panel) systems, and we found three distinct regimes as
shown in the plots. In the deterministic case, for small values of
kca (0 o kca o 0.0001), the Ts value remains almost constant at
the lowest value (E23), indicating the stabilized regime leading

Fig. 3 A plot for the single cell activity with the influence of the calcium ions in a stochastic environment.
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to a normal condition. Then the Ts starts increasing mono-
tonically as a function of kca, showing a dampened oscillation
regime. However, within a particular range of kca (0.0004 r
kca r 0.006), Ts - N, indicating the sustained oscillation
regime. In this regime, the p53 protein is considered to be
activated to the maximum. However, for kca 4 0.006, Ts

decreases monotonically as kca increases, after which (kca Z
0.006) Ts becomes minimized, indicating an oscillation death
regime. The oscillation death regime, which corresponds to the
stabilized regime, indicates the possible state leading to cell
apoptosis.

In the stochastic system, Ts is calculated by solving the
chemical Langevin eqn (1)–(3) as a function of kca for various
values of V (Fig. 4 lower panel). The three distinct regimes
are found for three different values of V, similar to the

deterministic case. The results show that for smaller values of
V, say V = 100, all the three regimes are shifted towards smaller
values of kca as compared to the deterministic case: stabilized
regime for normal state (0 r kca r 0.00004), dampened regime
(first) (0.00004 r kca r 0.00008), sustain oscillation regime
(0.00008 r kca r 0.006), dampened oscillation regime (0.006 r
kca r 0.008) and stabilized regime (0.008 r kca r 0.01). As V
increases, the three regimes move towards the regimes found in
the deterministic case, which reveals that noise (larger in
smaller V) helps the system to reach the three different regimes
quickly. The width of the activated regime in all values of V
approximately remains the same. Further, the behaviour of the
three regimes in the stochastic system tends to recover its
deterministic behaviour as V - N, i.e. at the thermodynamics
limit.

Fig. 4 A plot for the time of stability of the molecule versus calcium ion rate constant.
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Ca2+ signaling: synchronization of interacting identical
two-oscillator systems

Ca2+ is considered to be an important signaling agent for
intercellular signal processing. As explained in the above sec-
tions, Ca2+ interacts indirectly with p53 by activating NOS to
synthesize NO to reach p53 via Mdm2.12,65 This is considered
to be a one way pathway in a single two-oscillator system. To
investigate Ca2+ signaling in such systems, we took two iden-
tical two-oscillator systems and allowed them to interact via
diffusing Ca2+ ions as a coupling agent, with the coupling
constant e. We first present the deterministic results that show
the synchronization in the p53 dynamics of the two coupled

systems (Fig. 5). The value of kca is set to be 0.005, where the
sustained oscillation in p53 and Mdm2 can be obtained. The
reason could be that the phenomenon of synchronization can
be well studied and captured in this situation. Coupling in the
two systems is switched on at 50 h. It is observed that at a very
low value of coupling constant (e = 0.0001), the two systems
behave as uncoupled systems, demonstrated by the indepen-
dent dynamics of the p53 proteins of the two systems (Fig. 5,
third row of the upper panel). This claim is made based on the
time evolution of D

x
½1&
1
;x
½2&
1

ðtÞ, which shows random fluctuations

of the points in the plot.63,64 It is again supported by the
random distribution of the points away from the diagonal in

Fig. 5 A plot for the two cell diffusion with the influence of the calcium ions in a deterministic environment.
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the two dimensional recurrence plot of x[1]
1 and x[2]

1 of the two
systems.59 This suggests that at this value of coupling constant,
the signal carried by the diffused Ca2+ ions is not large enough
to process the signal from one system to another, and the
systems were not able to communicate with each other. As the
value of e increases (e = 0.001) the two systems start processing

the signal from each other. In this situation, the randomness in
the rate of fluctuation of points about a constant value (0) in
D

x
½1&
1
;x
½2&
1

ðtÞ vs time plot is small, as compared to the fluctuation

in the case of e = 0.0001. Further, the rate of concentration of
the points towards the diagonal in the two dimensional recurrence
plot in this case is more as compared to the e = 0.0001 case.

Fig. 6 A plot for the two cell diffusion under influence of noise.
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Therefore, the two systems weakly communicate with each
other, showing weak synchronization (Fig. 5, second row of
upper panel). If the coupling constant is large enough (e = 0.01),
the two systems show strong synchronization indicated by
D

x
½1&
1
;x
½2&
1

ðtÞ, remaining constant (0) as a function of time.

Further, the points in the two dimensional recurrence plots
almost lie along the diagonal, supporting the claim of strong
synchronization (Fig. 5, first row of upper panel).

The deterministic results of the synchronous dynamics of
the Mdm2 protein in the two interacting systems with the same
parameter values as taken in the case of p53, shows similar
behaviour of synchronization for all three different values of
coupling parameter (Fig. 5 lower panel). The time evolution of
D

x
½1&
1
;x
½2&
1

ðtÞ and the two dimensional recurrence plots corre-

sponding to the three values of the coupling constant support
this claim. Therefore, the Ca2+ wave has an important role in
cellular organization and intercellular signal transduction and
processing.50 Since we did not find any significant role of IP3 in
the intracellular p53 activation and intercellular synchroniza-
tion, we do not show the results.

The impact of noise on synchronization

Now we investigate the impact of noise on the synchronization
of the coupled systems by simulating the chemical Langevin
eqn (1)–(3) of the two coupled stochastic systems. The value of
the coupling parameter is taken to be fixed, e = 0.001 and V is
allowed to vary. Coupling is switched on at 50 h. The amount of
intrinsic noise contained in a system can be indirectly esti-
mated by varying V: noise associated in the system dynamics
increases as V decreases and vice versa. The simulation results
of the p53 dynamics for the two coupled systems at V = 100
(Fig. 6, first row of upper panel) show that the p53 dynamics of
the two systems are evolving independently. The time evolution
of D

x
½1&
1
;x
½2&
1

ðtÞ fluctuates randomly, indicating the uncoupled

nature of the two systems. It is again supported by the
two dimensional recurrence plots, where the points scattered
randomly away from the diagonal. However, as V increases
(VZ 500) the rate of fluctuations about a constant value (0)
decreases, and at V Z 1000 the fluctuation is minimized,
showing strong synchronization which is supported by the
two dimensional recurrence plots (Fig. 6 upper panel). The
results reveal that the noise hinders the phenomenon of
synchronization because the uncoupled systems at a high noise
level (small V value) become synchronized at a low noise level
(high V value).

Similarly, we obtain a similar behaviour in the Mdm2
dynamics of the coupled systems as found in the case of p53
(Fig. 6 lower panel). Hence noise shows destructive impact on
the synchronization of the coupled systems.

Conclusions

The Ca2+ ion in the model we studied demonstrates a multi-
functional role, for example, it acts both as an activator of p53

as well as a synchronizing agent of the coupled systems. The
results of our study suggest that the Ca2+ level in a cell can
activate nitric oxide, which in turn affects the p53–Mdm2 net-
work by direct interaction with Mdm2. The activation of p53 by
Ca2+ in a cell lifts the cell from a normal to a stress state. An
excess of Ca2+ level leads to the excess production of nitric
oxide, shifting the cell to an apoptotic phase, which is also
supported by experimental evidence.6,8 When the cell is in a
stress condition, and further if the cell manages to optimize the
Ca2+ level, the stress state of the cell may revert to its normal
state. However, if the cell reaches an apoptotic state, the cell is
not able to return to its normal state from the stress state.
It indicates that the cell has to manage the Ca2+ level to balance
its cellular activities and functions.

The important role of Ca2+ in intercellular interaction is that
it can act as one of the most important synchronizing agents. In
general, this phenomenon can be seen in the normal state of
the cells. However, this synchronizing activity can also be seen
among the interacting stress cells via Ca2+, as evident from
our investigation. Even though Ca2+ reaches p53 through two
pathway steps i.e. via NOS and NO, it still acts as a good
synchronizing agent to correlate the activated oscillating p53
dynamics in stress cells.

The intrinsic noise due to random molecular interaction in
the system can be correlated qualitatively with system size, such
that the noise in a small system size is large and vice versa.62

The single cell study reveals that the oscillating (dampened or
sustained) temporal dynamics of p53 at negligibly small noise
(large V) become stabilized (fixed point oscillation) with an
increase in noise (small V). This means that the noise asso-
ciated with the cell helps the cell to maintain its normal
condition (stabilized behaviour), trying to prevent stress condi-
tions. Further, noise has a hindrance effect on synchronization.
When the cell is at normal conditions (stabilized condition) in a
stochastic system, noise prevents it from external signals that
may cause stress. Once the system is in a stress condition,
external signals are allowed to interfere, which helps to lift the
stress and permit the cell to return to its normal condition.
However, other important roles of noise need to be investigated
both in normal and stress conditions.
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